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ON SOME MELLIN TRANSFORMS FOR THE RIEMANN ZETA
FUNCTION IN THE CRITICAL STRIP
ALEXANDER E PATKOWSKI
Abstract. We offer two new Mellin transform evaluations for the Riemann
zeta function in the region 0 < ℜ(s) < 1. Some discussion is offered in the way
of evaluating some further Fourier integrals involving the Riemann xi function.
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1. Introduction and Main results
The Riemann zeta function, given by the series
∑
n≥1
n−s,
and convergent when ℜ(s) > 1, is of great importance in the theory of numbers.
Particularly important is its properties in the critical strip 0 < ℜ(s) < 1, as the
Riemann hypothesis says that all the nontrivial zeros are within this strip. Many
integral evaluations in this strip are known, some of which have shed some light
on nontrivial zeros of ζ(s) [8, 11]. One integral relevant to our study is sometimes
attributed to Kloosterman [5], [11, pg.34]
(1.1)
∫ ∞
0
ts−1(ψ(0)(t+ 1)− log(t))dt = −
piζ(1 − s)
sin(pis)
,
valid when 0 < ℜ(s) < 1. Here ψ(n)(x) = ∂
n+1
∂xn+1 (log(Γ(x)), where Γ(x) is the
classical gamma function [1]. This classical result has also been used by Whittaker
and Watson (see [11, pg.34]) to investigate properties of log Γ(x) and appears in the
recent work of Dixit et al. [2, 5], which we shall relate to in the following section.
The proof of this result in Titshmarch [11, pg. 29] involves application of the Mu¨ntz
formula and integration by parts. We adapted an alternative proof of (1.1) using
the calculus of residues to obtain two integral formulae that appear to be new.
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Note the Stieltjes constants are given by [1]
γn = lim
r→∞

 r∑
k≥1
(log(k))n
k
−
(log(r))n+1
n+ 1

 .
Theorem 1.1. Suppose that 0 < ℜ(s) < 1. Define the function Λ1(x) for x > 0 to
be
Λ1(x) := x
∑
n≥1
log(x/n)
n(x− n)
−
1
2
(
log2(x)− 2γ log(x) − 2γ1 +
pi2
3
)
,
then
(1.2)
∫ ∞
0
ts−1Λ1(t)dt =
pi2ζ(1 − s)
sin2(pis)
.
Further, define the function Λ2(x) for x > 0 to be
Λ2(x) := x
∑
n≥1
pi2 + (log(x/n))2
n(x+ n)
−[−γ2 + 2γ1 log(x)−
log3(x)
3
− γ(pi2 + log2(x)) − pi2 log(x)],
then
(1.3)
∫ ∞
0
ts−1Λ2(t)dt =
2pi3ζ(1 − s)
sin3(pis)
.
Proof. We work with two known Mellin transforms [6] valid in the strip 0 < ℜ(s) <
1
(1.4)
∫ ∞
0
ts−1
log(t)
t− 1
dt =
pi2
sin2(pis)
,
(1.5)
∫ ∞
0
ts−1
pi2 + log(t)2
t+ 1
dt =
2pi3
sin3(pis)
.
For (1.2), we first note that for −1 < ℜ(s) = c < 0
(1.6) x
∑
n≥1
log(x/n)
n(x− n)
=
1
2pii
∫
(c)
pi2ζ(1 − s)
sin2(pis)
x−sds
We now replace s with 1− s and note that ζ(s)Γ2(s)Γ2(1 − s) has a pole of order
three at s = 1, and thereby move the line of integral from the region 1 < ℜ(s) < 2
to 0 < ℜ(s) < 1. We compute that
Res |s=1(pi
2 csc2(pis)ζ(s)xs) =
x
2
[(log(x)2 − 2γ log(x) − 2γ1 +
pi2
3
],
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where we applied the known formula Γ′(1) = −γ. After this computation, we again
replace s by 1− s in the contour integral to find that we have the inverse relation
of (1.2).
In the case of (1.3), we use the same approach but compute the pole of order four
at s = 1 of ζ(s)Γ3(s)Γ3(1− s). This is
Res |s=1(pi
3 csc3(pis)ζ(s)xs) =
x
2
[−γ2+2γ1 log(x)−
log3(x)
3
−γ(pi2+log2(x))−pi2 log(x)].

If we take into consideration the double poles at strictly negative integers s = −n <
0, n ∈ N, we find that moving the integral on the right side of (1.6) to the left gives
the interesting series expansion for |x| < 1
x
∑
n≥1
log(x/n)
n(x− n)
= −
∑
n≥1
(log(x)ζ(1 + n) + ζ′(1 + n))xn,
and similarly,
x
∑
n≥1
pi2 + (log(x/n))2
n(x+ n)
=
∑
n≥1
(
ζ′′(1 + n) + 2 log(x)ζ′(1 + n) + pi2ζ(1 + n) + ζ(1 + n) log2(x)
)
(−x)n.
Standard manipulations also show that Λ1(x) has the form as the integral∫ ∞
0
ψ(t+ 1)− log(t)
x+ t
dt.
2. Applications to other evaluations
We shall offer some applications to evaluating Riemann xi function integrals which
have been studied by many other others [2, 3, 4, 5, 7, 9, 10]. As usual, we write
Ξ(t) := ξ(12 + it), where [8] ξ(s) :=
1
2s(s− 1)pi
− s
2Γ( s2 )ζ(s). Hardy and Koshlyakov
[7, 9] give
(2.1)
∫ ∞
0
Ξ(t)
1
4 + t
2
cos(xt)
cosh(pit)
dt = ex/2
∫ ∞
0
(ψ(t+ 1)− log(t))e−pit
2e2xdt,
by using a method of converting a Fourier cosine transform in to a Mellin transform
as outlined in [11]. We can apply the same approach to our integrals, since they
are similar in nature to (1.1), which can be used to prove (2.1).
Theorem 2.1. We have,
(2.2)
∫ ∞
0
Ξ(t)
1
4 + t
2
cos(xt)
cosh2(pit)
dt = ex/2
∫ ∞
0
Λ1(t)e
−pit2e2xdt,
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and
(2.3) 2
∫ ∞
0
Ξ(t)
1
4 + t
2
cos(xt)
cosh3(pit)
dt = ex/2
∫ ∞
0
Λ2(t)e
−pit2e2xdt.
Proof. In (2.2) we apply (1.2) with Parseval’s theorem for Mellin transforms and
the function e−pi(yt)
2
. Similarly in (2.3) we apply (1.3) instead. The remaining
details are left for the reader. 
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